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This research estimated a high-dimensional variance matrix when
the number of variables was more significant than the number of
observations. The OGK genetic algorithm was applied to find the
variance matrix. A modification for the genetic algorithm OGK was
proposed depending on the regular parameter p and the target matrix
T, and It was called the (Orthogonalized Regularized Gnanadesikan
— Kettenring ) it can be written briefly ( ORGK ), The data was taken
from four stations representing the monthly rates for a group of
polluted for air the gases for one year. The monthly rates were
measured for four types of gases (Methane gas CH, , Carbon
Monoxide gas CO , Nitrous gas NO, , Sulfur Dioxide gas SO,) . In
this study, a comparison was made between the genetic algorithm
OGK, ORGK and MRCD by finding the determinant of the
covariance matrix and identifying the most polluting gasses. Carbon
Monoxide CO was the main cause of pollution. And the ORGK
algorithm dependent of the regular parameter and target matrix, it
has a clear effect in obtaining the lowest determinant of the
covariance matrix, which is called (Orthogonalized Regularized
Gnanadesikan — Kettenring ) ORGK

1. Introduction

In many studies, the variance matrix is often used to compare between methods or to show the

most influential factors. In higher dimensional data when p>n is evident in studies related to cancer
research, financial mathematics, signal and image processing, criminology, and clinical trials [8].
Where the genetic algorithm (Minimum Regularized Covariance Determinant) MRCD was used to
estimate the minimum determinant of the covariance matrix, which depends on the parameter
regulation and is denoted by p and the target matrix T (Target Matrix), which gives the best estimate
from the usual methods and is also considered a generalization of the MCD algorithm[12].

X= (Xl,xz,....,xn), (1)
X: matrix n*p

X = (Xi1) Xigs e Xip)' 2)
S=pT + (1-p)s; 3)

If p = 0, then the covariance matrix using the regularisation parameter and the target matrix is
equal to the covariance matrix, thatis, S = S; [11] .

In 2011, researchers (Mia Hery, Peter J. Rousseeuw, and Tim Verdonck) introduced an algorithm
that relied on the correlation matrix to estimate robust covariance, find eigenvectors, and compute the
positive definite matrix [12].

In the same year, researchers (Virgile Fritsch, Gaél Varoquaux, Thyreau Benjamin, Jean-Baptiste
Poline, and Bertrand Thirion ) incorporated a regularization parameter to find the minimum
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determinant of covariance. This approach provided better estimates due to numerous outliers and
high-dimensional data. The method was applied to medical imaging in clinical studies and brain
imaging, where the data was characterised by high variability and dimensionality [3].

In 2018, researchers (Peter J. Rousseeuw, Steven Vanduffel, and Tim Verdonck) introduced the
target matrix TTT and the regularization parameter p\rhop. They employed regularised covariance to
compute Mahalanobis distances in the MRCD method, resulting in simpler solutions and more
accurate results than the MCD method [7].

In this study, the OGK algorithm was further developed. The researcher focused on estimating
the covariance matrix using the regularisation parameter and the target matrix, naming the new
approach the ORGK algorithm.

The study aims to apply genetic algorithms to identify the most significant key factors influencing
air pollution and to compare methods by determining the determinant of the covariance matrix.

2. High-dimensional variance matrix estimation using genetic algorithms
2.1 MRCD (Minimum Regularized Covariance Determinant) Genetic Algorithm

The MRCD algorithm is a generalization to the MCD algorithm where it is applied when p>n to
get more accurate estimates that depend on the regulation parameter p(parameter regulation), the
target matrix T (target matrix), and the Mahalanobis distance. Here are the steps of the genetic
algorithm MRCD [5]:
1- The data is divided into h=3n /4 to obtain the minimum distance.
2- We find the estimate of the mean m; and the variance S; , i= 1,2,...,6 to obtain estimates as :

Sy = 5 B —my) 0o = my)’ (4)
3- We find the positive defined matrix
my = %Z?xi )
Sr(1) = pT + (1 —p) ¢S4 (6)
thatisO<p <l ,-l/(p-1)<c<l ,T=I,
4-
dp 1(0) = X (xi —my)" Sg* (1) (x; — my) (7)
Where d 1(i) Mahalanobis distance
5-
S = hizZ?(xl —my)(x; —my) my = h—th’ Xi (8)
6- We find the positive defined matrix
Sr(2) = pT + (1 p)caS; 9
7-
L (10)

dp 200 = ) (i = ma)' Si*(2) (v —m2)

8_ l
Z dp 2(0) < Z dp 10 (11)

i€h, i€h,
9- The steps are repeated until the robust estimates of 6 are obtained and the lowest distance, which
represents the Sy variance matrix, is obtained [3].
2.2 OGK (Orthogonalized Gnanadesikan — Kettenring) Genetic Algorithm
In robust estimates, the genetic algorithm is applied to find the variance matrix when the

number of observations exceeds the number of variables n>p, which gives a robust estimate. Here
are the steps of the OGK genetic algorithm [4]:
1- We find an estimate of the mean m;, and the variance, S;
2- Find y; = D™ 1x; where i=1,2,...,n

D=diag(S( x1), S(x3),..., S(x;)) (12)
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3- We find the correlation matrix U where

w = 1 (SO +Ye)? - S(Y; — Yy)?) (13)
Y = (Yl, Yz, ey Yp)
4- We find the matrix E of the characteristic vector to U and we find the following:
A) We find the characteristic vector V. = YE
B) We find the robust variance V = (V4,V5, ..., V)

A = diag (s*(V1) , ..., s2(Vp)) (14)
C) We find u(Y) = E(m) where m = (m(Vy), ..., m(V,))’ , £(Y) = EAE’

So mean estimate fi,cx(x) = Df(Y) and variance

20(;1'<(X) = DE(Y)D'

Describe FastMCD and OGK algorithms to estimate the covariance matrix, use aspects of both,
and call it DetMCD [7].

But when p>n, that is, the number of variables is greater than the number of observations, which
are called high-dimensional data, then the estimation of the high-dimensional variance matrix using
the usual methods gives inaccurate estimates, so the researcher proposed a new algorithm based on
the regulation parameter p,

And the target function T is called ORGK, where the MRCD algorithm was used as an initial for
estimate, then the steps of the OGK algorithm are followed, which are as follows:

1- The mean m; and the variance S; are estimated as a preliminary estimate, then the variance
matrix is estimated as follows:

Sg = pT + (1p) — c,Si, 0<p<1, -1/(p—1) < c<1l<c<1,l (15)
2- We find y; = Dg'x; wherei=1,2,..,n
D_R =diag(s_R (x_1),s_R(x_2),..,s_R (x_p)) (16)
3- We find the correlation matrix U where
1
e = 7 (S(Y + Y)? = S(¥; — Yi)?) (17)

Y= (Y,Y, ... Y)
4- We find the matrix E of the characteristic vector to U and we find the following:
A) We find the characteristic vector V=YE
B) We find the robust variance V=(Vy, V5, ..., ;)
A =diag (s*(V1) , ..., s%(1}))
C) We find u = (Y) Em where m= (m(V,), ..., m(1},))" ,
2(Y) = EAE’
So mean estimate fiorex (X) = Df(Y) and variance
2ORGK(X) = DE(Y)D’

3. Results

The research was applied to data that causes air pollution, which includes four types of gases
(Methane CH, , Carbon monoxide CO, Nitrous gas NO, , Sulfur dioxide S0,), from four stations
for measured rates of monthly air pollution for 2019.

Genetic algorithms (MRCD, OGK) were applied, and the proposed algorithm was called
(Orthogonalized Regularized Gnanadesikan — Kettenring) and is abbreviated as (ORGK), to find the
most common types of gases that cause air pollution and compare the algorithms depending on the
matrix of covariance and determinant.

Table 1 shows the results of finding the gases that most affect air pollution by comparing the
covariance matrix for four stations by using the MRCD Genetic Algorithm as follows:

Table (1) : Show types of gases that cause air pollution by using MRCD

tion M1 M2 M3 M4
gase
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CH, 0.5012 | 0.5088 | 0.5013 | 0.7572
co 0.5222 | 0.5134 | 0.5022 | 0.6772
NO, 0.5000 | 0.5000 | 0.5000 | 0.5000
SO0, 0.5001 | 0.5000 | 0.5000 | 0.5000
determinint | 0.0654 | 0.0653 | 0.0630 | 0.1271

The results showed that the M3 station has the lowest determinant of the covariance matrix
(0.0630), and by comparing variances, the least polluting gases are represented by (Nitrous NO,) for
all stations, as for the stations (M1,M2,M3), carbon monoxide (CO) is the most common cause of air
pollution.

Table 2 shows the gases that cause pollution using (OGK) as follows:
Table (2) : Types of gases that cause air pollution by using OGK

ation M1 M2 M3 M4
gase
CH, 0.0741 10.7499 0.0701 6.5959e+03
CO 16.8829 17.4448 0.3508 9.9735e+03
NO, 6.0474e-05 | 1.7000e-05 | 4.8988e-05 | 2.7352e-05
S0, 1.8596e-04 | 1.3862e-04 | 1.1067e-04 | 1.4350e-05
determinint | 5.5912e-10 | 3.0022e-07 | 3.1151e-11 0.0052

The result indicates that station M3 represents the lowest determinant of the covariance matrix
(3.1151e-11) as it represents the station that measured the least air pollution, while the gas causing

the pollution is carbon monoxide (CO) for all stations.
Table ( 3) : Types of gases that cause air pollution by using OGKR

tion M1 M2 M3 M4
Gase
CH, 0.0285 0.0209 0.0056 0.8716
CO 0.0402 0.0253 0.0041 0.3808
NO, 0.0134 0.0196 0.0025 0.0902
SO, 0.0081 0.0213 0.0022 0.1572
Determinint | 2.1556e-08 | 1.8015e-07 | 1.5933e-11 | 0.0017

As for the results of applying the algorithm OGKR, the stations that recorded the least air pollution
were the station M3, while the most pollution gases were represented by Methane gas CH, , the
carbon monoxide gas by a slight difference. As for stations M1 and M2, it recorded the highest
pollution of carbon monoxide gas. As for station 4 , Methane gas was the highest pollution, then gas
carbon monoxide.

To compare the algorithms that were applied to find the most polluting gases, and through the
results reached, this determinant of OGKR algorithm less than the determinant of OGK and MRCD
algorithm

4. Conclusion

Based on the results reached through the application of genetic algorithms, carbon monoxide CO
gas is considered the leading cause of air pollution resulting from car exhausts, as well as the operation
of generators for many hours due to power outages, such as gas methane. CH, least polluting.
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