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Abstract

This paper concerned with preliminary single and double stage
shrunken estimators for estimate the mean (p) of normal distribution
when a prior estimate (p) of the actual (p) is a available using specifying
shrinkage weight factors y(-) as well as pre- test region (R).

Expression for the Bias [B(-)], Mean Squared error [MSE(-)],
Efficiency [EFF(-)] and Expected sample size [E(n|cz)] for proposed
estimators are derived. Numerical results and conclusions are drawn
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about selection different (constant) including in these expressions.
Comparisons between suggested estimators with classical and some
existing estimators are given in the sense of Bias and relative efficiency.

1. Introduction

Assume that x1,X3,...,X, be a random sample of size (n) from a normal
population with unknown mean (n) and known variance (02). In
conventional notation, we write x~N(u,o'2).

In this work we suggest the problem of estimating the mean (p) when
some prior information (L) regarding the mean (u) is available. More
specifically we assume that the prior information regarding due the
following reasons, (1)

1. we belive that (L) is closer to the true value of p, or

2. we fear that (o) may near the true value of (p) i.e., something bad
happens if (p) is approximately equal to (i) and we do not know about
it in such a situation it is natural to start with the MLE( ,LAl) of p and
modify it by moving it closer to (L) using shrinkage weight factor
[w()], so that the resulting estimator though perhaps biased, has a
smaller mean square error [MSE] than that of ( ﬁ) in some interval

around (). Preliminary test single stage shrinkage estimator is

estimator of level of significance (o) for test the hypothesis  Ho:p=py
against the hypothesis Ha:p= py, if Hyp accepted we feel comfortable in
using the prior information (po) with ( [l) in estimating p using
shrinkage weight factor (), 0< v, (z) <1.

ie. o=y, () 1+ [L— v, ()] 1]
or, o=, (1)1 - 1]+ 1

However, if H is rejected, we assume shrinkage estimator using another
shrinkage weight factor ,(42),0< v, (1) <1.

ie. A=y, (1) 1+ [L— v, (1)) 2]
or, o=, (1)[u - 1]+ 1

Therefore, the general preliminary test single stage shrunken estimator
(PTSSSE) for the mean will be:

e :{\vl(ﬁ)ﬁﬂl—wl(m]uo, if ieR,

o . . ...[3]
Vo (W p+—vy,()]yy, i uegR,
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wherey, (1), 0 < y,(&) < 1 [i=1,2] is shrinkage weighted factor

specifying the belief in 1y which can be a function of /Aj or a constant.
Preliminary test double stage shrunken estimator for the mean that utilize
a prior estimate (L) represents as following steps:

1. Select two positive integers (n;) and (n).

2. Obtain a random sample of size (n;) on x [first stage sample]. Compute

sample mean ,LALl by ML.L.E. technique.

3. Choose a suitable region (R;) around py. In this work we suggest pre-
test region.

4. If 1[‘1 € Ry, suggest the shrinkage estimator which defined in [1].
However, if ,[11 ¢ R;, obtain a second stage random sample of size n,
on x and consider the estimator of p as a polling of two samples mean
(it,)

ie. i1, = (N +N,40,)IN .. [4]

where /1, is the second sample mean and n = n; + n,. Thus, the general

preliminary double stage shrunken estimator (PTDSSE) has the following
form

4 ()W) +[1- v, ()] if /}1 eR

2 = { - |

i, if £¢R
The aim of this paper is to study the (PTSSSE) and (PTDSSE) for estimate

the mean of normal distribution using new shrinkage weight factors and
to get higher efficiency than the classical estimator and exists studies.

Where, R is the pre-test region for testing the hypothesis Hy: /} #Lo
against Ha:p#py with level of significance (o) using test statistics T( ,[l /o)

_An(a- )
L

As well as Ry is the pre-test region for testing the hypothesis Hy: fll #Wo

against Hjx: ,[lliuo with level of significance (o) using test statistics

Jn: (i — i)
e

T( i, /o) =

i.e.;

€))
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R=[xg -2 2 Uy +Z 7 ]
Lo T “ar2 1Mo al2

A n AVn
and ...[6]

Ry = [ty ~ 2y My + 20— —]
1 0 a/2\/n71’ 0 a/Z\/rTl

Several authors have been studied (PTSSSE) and (PTDSSE) for
various parameters of different distributions and to estimate the
parameters of regression models, also for complete and Censoed samples,
for example Thompson (1), Katti (2), Mehta and Srinivasan (3), Pandy (4),
Waikar, Schuurmann and Raghunathan (5), Al-Hemyari (6), Al-Bayyati
and Arnold (7), Al-Hemyari and Al-Juboori (8), Al-Juboori (9), Al-
Juboori (10), Al-Bermani (11) and Al-Rabassi (12).

2. Preliminary Test Single-Stage Shrunken
Estimator (PTSSSE)

In this section, we consider the (PTSSSE) defined in (3) with the
following form

Ly Jif 1eR
Mo = . i
W, (4= to) + 1y if 2R
Where R is pre-test region and ,(2) = 0, y,() = w, = ki(p) | ka(p)

ip .
such that ki(p)=(ij {F(ZJF ZID_ZJ‘F(n _ ZH i=1,2, n > 2
n-2 2 2

andp € N.
The expression for Bias [B(-)] and mean squared error [MSE(:)] of ,&’Qg

represented respectively as follows:

Bias (|1, R) = E(#%) — u
=]~ po) IF (R wydit W, (= p)+ (1, ~ )] f(| wydit

2

—_ ~ O
where R is the complement region of R in real space, [L = X~ N(u,—)
n

and

C))



2010 / Qi 3381 eeerereneenenenneneaenennsens Aty g 5y daa

exp[-n(a — u)’120°], —o< fi<ow,—0< u<owo,0° >0

~ AN
f ') =
@wot)= o

The previous expression will result.

B(#| 1.R) =}[—zjo(a,b>+wpz—ﬂ—wp(J;(a,b)+zjo(a,b»+ﬂjo<a,b)] 7]
where j, (@,b) = j _z exp(-z®/2)dz,1 =0,1,2,K ...[8]
_f-p o= M,
A= ...19]
G/\/_ o/n
a=—-A—2Zqg/2 , b=—A+2z4/2 ...[10]
and

MSE (%, | 1, R) = E(%, — n)’°
= i(u—uo)zf(ﬁt\ wydpi + g[wp(ﬁt — o)+ (1, — W) (| pdit

We can conclude,
M (6] 1) = © 120, 1 a1) 4, @) - Wi @)+ 22 @) @B+ pyy)
WL )~ 22w, ~1)]

The Efficiency of ﬂ/gs relative to L\l is given by

MSE (1
REff (8|1, R) = MSE(ﬂng\LL,OR)

..[12]

3. Preliminary Test double-Stage Shrunken Estimator

(PTDSSE)
In this section, we consider the (PTDSSE) defined in (5) for the mean
of normal distribution as follows
W, (i = o) + 4o if 4 €R
P (| i, R,) = 0= N, + f,n,

p

Jif 1, ¢R
wherey, (i) =W _, which defined in previous section and n=n;+n,.
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The expression for Bias [B(-)] and mean squared error [MSE(-)] of ,19/,93
are respectively given as follows

Bias (¥, 1.R,) = E(#, — )
= [T W@ )+ G, — G W R, |, +
j o] TR 1*““ — Al WG, | i, di,

fyeRy iy ==

and by simple calculations, we get

B(ﬁ/es\u,Rl)=%ijl(a1,bl>+mo(al )~ Ay(a.b,) - Jl<a1b)

1

where
n = U
r=—=%,2, == :
n, ' 0/\/_
) (@,b) = z,exp(-z;/2)dz,,1 =0,1,2,K
a,, J—I
a=—A—Zq2 , bDi=—A+Zg/2
and,

MSE(ﬂ’/BS‘ H, Rl) = E(ﬂ/Bs - H)z

=[] W@, - ) + ()R | wF L, | di,di, +

iy ERy jly=—n

J' I ,Ulnl"’:uz 2 1)

[heR fly=—0

FE@ | W, | pdida,

We can conclude,

(6)
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o'r . : . :
MSE (fg, |1, R,) =7[wp j,@,b) +22j(a.b,) + ), (a.b) |-2w, [ 2j(a b)) +
, . 1 r 1 .
A? b A? b - ,(@,b,)-
e e o e LY
ry.
— b K13
-] i@n) (3
The expected sample size can be obtained as below
E(m/p,Ry) =ng [1+r1 (1 —jo(@r,b1)] ...[14]

The Efficiency of ﬂ/BS relative to ]:l(X) is given by

MSE (fi[ 1)
R.Eff R)=
(8, |1.R) [MSE (8, |1, R,) * E(n/ 1,R,)]

And the probability of a voiding the second sample given by P (]:L € R) .

...[15]

The percentage of the over all saved (P.O.S.S.) of ﬂ/gs can be compute by:

P0OSS="2] (a,b,)*100
n

4. Conclusion and Numerical Results
4.1 From the Expressions for Bias and MSE of %o, the following

could be easily seen:
1. i. B(¥0,/w,R) is an odd function of /1,(/1=\/ﬁ(/1 —u,)l o).
ii. MSE ((%0, ‘,u, R) is an even function of A.
iii. The estimator {30, is consistent, i.e. LI_[L] MSE (%, ‘ u,R)=0.
iv. The estimator ¥0, dominates ([1) with large sample size (n) in the

term of MSE, i.e. IM[MSE (%0, ‘lu, R) - MSE(x)]<0.
v. As we expected the estimator }9/95 is unbiased when p = p,
ie. lIMB(Hu,R)=0
2. The computations of relative Efficiency [R.Eff( ﬂ/gs )] and Bias ratio

B(ﬁss):\/ﬁ B(/}SS)/ o] of consider estimators ﬂ/gs were made for
different values involved in it, some of these computations are given in

(7
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table (1) for some samples of these constant e.g. a = 0.01,0.05, 0.1, n =
4,8,12, p = 2and A = 0.0(0.1)1,2. The following numerical results from the
mentioned table were mad:

i. R.Eff( ﬂ/g)s) is maximum when p = gy and decreases with increasing value
of A.
ii. R.Eff( ﬂ/gs) has maximum value with small value of a.

iii. B( }9/95) are reasonably small when p = iy (A = 0).

iv. B( ﬂ/g)s) is increases when o increases.

v. The Effective interval [the values of A that make R.Eff. greater than
one| using proposed estimator 30, in [-1,1]

3. The consider estimator ﬂ/g)s is better than classical estimator (MLE) and

also than the estimators suggested by [1], [3], [8] and [9] in the terms of
higher relative Efficiancy especially at p = L.

4.2 From the Expressions for Bias and MSE of ¥j., we can see

the following:
1.1i. ﬂ/BS is consistent of p.
ii. ﬂ/BS dominates }’:t with large sample size (n).
iii. ﬂ/gs is unbiased estimator when p = p,.
2. The computations of relative Efficiency [R.Eff(-)], Bias ratio [B(')],

Expected sample size [E(n/p,R)], expected sample size proportion,
percentage of the overall sample saved and probability of avoiding the

second sample were used for the estimator 3.

These computations were performed for n; = 12, p = 48,12, r =
0.5,1,2,4,8,12, A =10.0(0.1),1,2, o = 0.01,0.05,0.1.

Some of these computations are given in tables (2), ..., (12).

The observations mention the tables above leads to the following results:

i. R.Eff( ﬂ/gs) are adversely proportional with small value of a.
il. R.Eff( ﬂ/BS) are maximum when p =y and decreasing with increasing

value of A.

iii. B( ﬂ/gs) are reasonably small when p~py, otherwise B([¥) will be
maximum.

iv. B( ﬁ/gs) are reasonably small with small value of a.

®
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v. R.Eff.( ﬂ/gs) and B( ﬂ’gs) are decreasing function w.r.t. first sample size

(my).

vi. E(n| 1R) of ﬂ/gs is closer to (n;) specially when p =~ py and start

faraway slowly with (1) increases.

n, .
vii. Percentage of the over all sample saved [—] (a,,b,)*100] is
n

decreasing function of A and has maximum value when p = .

viii. R.Eff.( ﬂ/BS) is an increasing function w.r.t. r (r = ny/n;) and p.

3. Suggested estimator ﬂ@s is more efficient than (MLE) and than
estimators introduced by (5), (6) and (12).
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